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An isoparametric, degenerate element for constrained layer damping treatments is presented. The element is
valid for either plate or shell structures. The element is an 18-node degenerate element with nine nodes located
on the base shell (or plate) structure and nine nodes on the constraining layer. Each node has � ve degrees of
freedom: translations in x, y, and z and bending rotations ® and ¯ about the midsurface where the node is located.
The displacement � eld of the viscoelastic layer is interpolated linearly from the nodal displacements; therefore,
the viscoelastic layer allows both shear and normal deformations. The base shell (or plate) structure and the
constraining layer can be linearly elastic or piezoelectric for passive or active applications.The viscoelastic layer is
assumed to be linearly viscoelastic. The equation of motion is derived through use of the principle of virtual work.
For thin plate structures, numerical results show that the isoparametric element can predict natural frequencies,
loss factors, and mechanical impedances that are as accurate as NASTRAN with substantially fewer elements. For
thin shell structures, locking and spurious modes need to be resolved to yield reasonable results.

I. Introduction

C ONSTRAINED layer treatments have been used for years to
reduce structural and machine vibration.1;2 For simple one-

dimensional structural components, for example, beams, closed-
form solutions are still possible. For two-dimensional structural
components, such as plates and shells, it is more practical to ob-
tain meaningfulsolutions through � nite element calculations.In the
past, researchershavedevelopedvarious� niteelement formulations
for constrained layer structures. Basically, there are two different
approaches.

The � rst approach is to use existing � nite element codes, such as
NASTRAN, to analyze constrained layer plates and shells. For ex-
ample,Lu et al.3 analyzedconstrainedlayerplateswith NASTRAN.
The plates and the constraining layers were modeled by plate ele-
ments, and the viscoelastic layers were modeled by brick elements.
Soni and Bogner4 used MAGNA to analyze constrained layer treat-
ments.The constraininglayers and the basestructureswere modeled
by eight-nodethin shell elementsor penaltyfunctionshell elements.
The viscoelastic layer was modeled by eight-node solid elements
with reduce integration.Johnsonand Kienholz5 appliedNASTRAN
to analyze vibration of beams, rings, and plates with constrained
layer damping. For constrained layer plates, they modeled the con-
straining layers and the base structures through plate elements and
modeled the viscoelasticcores with solid elements. Lu and Killian6

analyzed damped plate composites by using NASTRAN. The con-
straining layers and the base strctures were modeled with homoge-
neous four-nodequadrilateralplate elements.The viscoelasticcores
were modeled with linear isoparametric eight-node brick elements.
Numerical results were obtained in the form of driving point me-
chanical impedance. Imaino and Harrison7 used the P-code, which
uses higher-order base function and can model systems with high
aspect ratios with relatively few elements, developedat IBM, to an-
alyze vibration of partially treated beam. Macé8 used NASTRAN
to verify a new theory developed for constrained layer beams.

The second approach is to develop new elements for structural
components with constrained layer treatments.These new elements

Received 30 November 1999; revision received 28 October 2000;
accepted for publication 6 April 2001.Copyright c° 2001 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

¤Senior Manager and Chief, Fixed Wing Programs II.
†Associate Professor, Department of Mechanical Engineering.

can vary substantiallybecause different elements have different as-
sumptions. For example, Ioannides and Grootenhuis9 developed a
triangular plate element. They assumed that all three layers had the
same de� ection and slopes. Therefore, the plate element had two
in-plane displacements for the constraining layer, two in-plane dis-
placements for the base plate, and one out-of-plane de� ection and
two slopes for all three layers. They also performed experiments
on circular plates and beams with different boundary conditions.
Rikards et al.10 developeda six-nodetriangularplate element.Three
nodeswere on the constraininglayerand threeon the base plate.The
displacement� eld of the viscoelasticlayer was determined through
kinematic compatibility, that is, no-slip conditions. Each node had
six degrees of freedom: that is, three translational and three rota-
tional. They performed numerical tests on rectangular plates. Rao
et al.11 developed offset beam elements and shear deformation vis-
coelasticelements to model constrainedlayer damping.Rameshand
Ganesan12;13 analyzed vibration and damping of cylindrical shells
with a viscoelastic core. They used two-node � nite elements based
ondifferentshell theories.References14–17 list otherresearchwork
along this line.

The purposeof this paper is to develop an 18-node isoparametric
element for plate or shell structures with constrained layer treat-
ments. Compared with the constrained layer elements reported in
Refs. 9–17, the uniqueness of this new element is twofold. First, it
is an isoparametric constrained layer element. Therefore, the for-
mulation uses natural coordinates making it possible to generate
elements that are nonrectangular with curved sides. Second, this
constrainedlayer element is not limited to a speci� c shell geometry,
such as cylindrical shells.12;13 This is in line with a comment made
by Bathe and Dvorkin18 that � nite element methods for shell struc-
tures should be formulated without use of a speci� c shell theory so
that the methods are applicable to any plates and shells.

To achieve these goals, this paper adopts the degenerate shell
element by Ahmad et al.19 for the constraining layer and the base
shell structure. Basically, this element follows Mindlin theory and
assumes plane stress condition.There are nine nodes on each of the
constraining layers and the base shell structure. The displacement
� eld of the viscoelasticlayer is linearly interpolatedthroughno-slip
boundary conditions at the layer interfaces.

The nine-node formulation is selected becauseof several consid-
erations. First, all isoparametric elements lose accuracy when dis-
torted from the rectangularshape.However, the nine-nodeLagrange
element is less sensitive than the eight-node serendipity element to
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nonrectangularity,curvaturesof sides, and placing side nodes away
from midsides. Second, most lumping schemes for generatingmass
matrices result in positive nodal masses for nine-node elements,
but may lead to negative nodal masses for eight-node elements.20

Third, nine-node shell elements can pass constant-curvaturepatch
tests with bilinear element geometry, but eight-node shell elements
cannot.21 In general, the ninth interiornode of the Lagrangeelement
acquires real signi� cance in dynamics problems.

This paper � rst discusses the isoparametric formulation of the
constrained layer element including geometric de� nition of the el-
ement, shape functions, displacement � elds, the Jacobian matrix,
coordinate transformation, the strain-displacement matrix, and the
stress-strainmatrix. Use of the principle of virtual work leads to the
element stiffness matrix, nodal load vectors, and the element mass
matrix. Solution of the equationof motion can result in eigenvalues,
that is, damped natural frequenciesand loss factors, and frequency-
response functions. Finally, numerical results are compared with
those from the literature.

II. Formulation
Figure 1 shows the geometry and coordinate systems of the

isoparametric element developed in this paper. Layers 1 and 3 are
linear piezoelectric, and layer 2 is linear viscoelastic.This element
will be valid for a passiveconstrainedlayer treatment if both layers1
and 3 are elastic.This elementwill be valid for an activeconstrained
layer shell treatment, if either layer 1 or layer 3 is elastic. This ele-
ment will reduce to a traditional isoparametricshell element if layer
1 is elastic and layers 2 and 3 are absent. In the following, quan-
tities related to the j th layer is denoted by a superscript . j/, and
quantities related to the i th node is denoted by a subscript i . Some-
times, subscript j will also denote quantitiesrelated to the j th layer,
should there be no confusion.For example, ti denotes the thickness
of the i th layer. Finally, the isoparametric element assumes the fol-
lowing two kinematic conditions.First, all three layers are perfectly
bonded. Second, layers 1 and 3 follow Mindlin plate theory.

There are three coordinate systems associated with the element.
The � rst coordinate system is the global coordinate system x , y,
and z, which is � xed in the space (Fig. 1). The second coordinate
system is the local coordinate system x 0, y0, and z0 de� ned at each
node. The z 0 axis is in the thicknessdirection.The x 0 and y0 axes are
tangent to the midsurface of the shell and de� ne the axes of nodal
rotation (Fig. 1). The third set of coordinate systems, is the natural
coordinates» , ´, and ³ (see Fig. 2). Moreover, all three layers share
the same » and ´ coordinates,but each layer has its own ³ .i / coordi-
nates, such as ³ .1/, ³ .2/ , and ³ .3/ . Therefore, the natural coordinates
» , ´, and ³ .i / de� ne the i th layer of the element through » D §1,

Fig. 1 Geometry and coordinate systems of the isoparametric element.

Fig. 2 Natural coordinates and nodes of layer 1 of the element.

Fig. 3 Physical and pseueonodes of the element.

Fig. 4 Translational and rota-
tional nodal degrees of freedom.

´ D §1, and ³ .i / D §1. Transformation among these three coordi-
nate systems will be explained in detail after the shape functionsare
introduced.

The element is an 18-node degenerate shell element. There are
nine physical nodes on layers 1 (Fig. 2) and nine physical nodes
on layer 3. The nodes are located on the midsurface of each layer
(Fig. 3). In addition, there are nine pseudonodeslocated on the vis-
coelastic layer 2. The purpose of the pseudonodesis to simplify the
derivation.They will not appearas independentdegreesof freedom.

Each node has three translational degrees of freedom u, v, and
w in the global coordinates and two rotational degrees of freedom
® and ¯ about the local coordinates (Fig. 4). Note that the rotation
about the z 0 axis is not consideredbecauseof the assumptionsmade
in the Mindlin theory.

A. Shape Functions
In isoparametric formulations, shape functions are used to in-

terpolate the position and the displacement � elds simultaneously
within the element through the natural coordinates. For the nodes
in Fig. 2, the vector of shape functions N is given by

N D X9 (1)

where

N ´ [N1; N2; : : : ; N9] (2)

X ´ [1; »; ´; » 2; »´; ´2; » 2´; »´2; » 2´2] (3)

9 D 1

4

2

66666666666664

0 0 0 0 0 0 0 0 4

0 0 0 0 0 2 0 2 0

0 0 0 0 2 0 2 0 0

0 0 0 0 0 2 0 2 4

1 1 1 1 0 0 0 0 0

0 0 0 0 2 0 2 0 4

1 1 1 1 2 0 2 0 0

1 1 1 1 0 2 0 2 0

1 1 1 1 2 2 2 2 4

3

77777777777775

(4)

Note that the shape function Ni .»; ´/ is 1 at node i and zero at other
nodes.
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B. De� nition of Local Coordinates
First, let us consider the midsurface of the j th layer (³ . j/ D 0).

The position of any point on the midsurface can be interpolated in
terms of the nine nodal positions through

8
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9
=

;

. j/

³ . j/ D 0

D
9X

i D 1

Ni .»; ´/

8
<
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xi

yi

zi

9
=
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. j/

; j D 1; 2; 3 (5)

Equation (5) can be used to de� ne the local coordinates x 0, y 0, and
z0 as follows. Let v1 and v2 be vectors tagent to x 0 and y 0. Therefore,

v1 ´ @
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(6)

where Ni;» means the partial derivative of Ni .»; ´/ with respect to
» . Similarly,

v2 ´ @

@´
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Finally, the unit vectors e1 , e2, and e3 along the local coordinates
are

e1 D v1=jv1j; e2 D v2=jv2j; e3 D e1 £ e2 (8)

Because e1 , e2, and e3 are unit vectors, their vector components are
directional cosines denoted as

e1 D
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9
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9
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C. Geometric De� nition of the Element
Now consider the position of any point inside the j th layer. The

positionvector consists of a midsurfacecomponent [cf. Eq. (5)] and
a thickness component related to e3, that is,
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Because the viscoelastic layer has pseudonodes, they are not in-
dependentand need to be represented in terms of the other nodes on
layers 1 and 3. Note that the global coordinates obtained from two
adjacent layers at the layer interfaces must be identical; therefore,
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Substitution of Eq. (11) into Eq. (10) leads to
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Substitution of Eqs. (12) and (13) back to Eq. (10) results in8
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where the positionsof layers 1 and 3 can be found throughEq. (10).

D. Displacement Field
Consider a point P with natural coordinates .»; ´; ³ . j// inside

layer 1 or layer 3. The projection of P on its midsurface is P 0 and
has natural coordinates.»; ´; 0/. The displacementof P consists of
two parts: translationof P 0 and the rotationof P about P 0. Therefore,
the displacement � eld in layers 1 and 3 can be represented as8
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In addition, the translationaldisplacementsu, v, and w and angular
displacements ® and ¯ can be interpolated through shape functions
in terms of nodal displacements as
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Finally, Eq. (16) can be rearranged into a matrix form
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For layer 2, the displacement � eld is interpolated linearly in ³ .2/

resulting in
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As a result of the no-slip condition at the layer interfaces, Eq. (20)
can be rewritten as
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Substitution of Eq. (18) into Eq. (21) results in the displacement
� eld of layer 2 in terms of nodal displacementsof layers 1 and 3 as
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where
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The displacementrelations (18) and (22) can be written in a more
compact form within an element. For the i th node, de� ne the 5 £ 1
nodal displacement vector d. j/

i as

d. j/
i D fu i ; vi ; wi ; ®i ; ¯i g. j/ (24)

For each element, there are nine nodes in layer 1 and nine nodes in
layer 3. Therefore,each elementhas 90 degreesof freedomde� ning
a nodal displacement vector d through
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Finally, the displacement � eld u. j/ of the j th layer can be interpo-
lated by the nodal displacement vector d through
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where N. j/.»; ´; ³ . j // is the matrix of shape functions for the j th
layer. For layers 1 and 3, comparison of Eqs. (18) and (26) results
in
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For layer 2, comparison of Eqs. (22) and (26) results in
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E. Jacobian Matrix
The Jacobian matrix J is needed to formulate integrals in the

natural coordinates.Let J be
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Then the differential element dx dy dz in the global coordinates
can be represented in terms of d» d´ d³ in the natural coordinates
through

dx dy dz D jJj d» d´ d³ (31)

To determine J, substitution of Eq. (10) into Eq. (30) results in
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Note that all three layers have different Jacobian matrices.

F. Strain–Displacement Matrix
For each layer, the strain � eld is determined from derivatives of

displacements in the global coordinates

² D Hu;k (35)

or, explicitly,
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For layers 1 and 3, substitutionof Eq. (18) into Eqs. (36) and (37)
results in
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For layer 2, substitution of Eq. (22) into Eqs. (36) and (37) results
in
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where
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In Eqs. (32) and (43), I is a 3 £ 3 identity matrix, 0 is a 3 £ 1 zero
matrix,
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Similar to the displacement � eld, the strain � eld can be rewritten
in a compact form within an element [cf. Eqs. (26–29)] through
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For layers 1 and 3, comparison of Eq. (39) with Eq.(46) results in
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1 ; B.1/

2 ; : : : ; B.1/

9 ; 0; 0; : : : ; 0
¤

(47)

B.3/ D
£
0; 0; : : : ; 0; B.3/

1 ; B.3/

2 ; : : : ; B.3/

9

¤
(48)

For layer 2, comparison of Eqs. (41) and (46) results in

B.2/ D
£
B.2/

11 ; B.2/

21 ; : : : ; B.2/

91 ; B.2/

13 ; B.2/

23 ; : : : ; B.2/

93

¤
(49)

G. Stress–Strain Relation
For simplicity, let us drop the superscript . j/ tentatively in this

section. For layers 1 and 3, the stress–strain relation follows the
generalized Hooke’s law in the local coordinates. For piezoelectric
materials, the generailized Hooke’s law is (see Ref. 22)
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where Ci j are elastic constants, ei j are piezoelectric constants, and
E 0

x , E 0
y , and E 0

z are the electric � elds along the local coordinates.For
degenerate shell theories, the stress state is plane-stress resulting in

¾ 0
zz D C13.²

0
x x C ² 0

yy / C C33²
0
zz e33 E 0

z D 0 (51)

or

² 0
zz D .1=C33/[e33 E 0

z C13.² 0
x x C ²0

yy/] (52)

Substitution of Eq. (52) back to Eq. (50) results in
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where E11 D C11 C2
13=C33 , E12 D C12 C2

13=C33 , G12 D .C11

C12/=2, G23 D C44, and ¹31 D e31 C13e33=C33. In addition,· D 1:2
is usually introduced in Eq. (53) to compensate for the shear defor-
mation of the layer. In general, the local stress–strain relation (53)
can be written as

¾ 0 D E0² 0 ¾ 0
0 (54)

in the local coordinate or

¾ D E² ¾0 (55)

in the global coordinate, where

²0 D Ä²²; ¾ D ÄT
² ¾ 0; E D ÄT

² E0Ä; ¾0 D ÄT
² ¾ 0

0

(56)

with Ä² being the 6 £ 6 transformationmatrix consisting of e1 , e2,
and e3 as shown in Eq. (9).

Theoretically, the constitutive equation (53) is not complete for
piezoelectric materials. There is a second set of constitutive equa-
tions relating the electric � elds E 0

x ; E 0
y , and E 0

z and the mechanical
strains² 0 to electricdisplacements.22 In otherwords, theelectric� eld
and the mechanicalstrainsare coupled.In manysmart structuresand
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smart materials applications, however, the piezoelectric layers are
very thin. In addition, the frequency of interest is low, for example,
well below megahertz or microwave range. Therefore, the electric
� eld can be approximated as constant in z0 and uniform throughout
the layer with good accuracy. Under this approximation, the elec-
tric � eld is independent of the strain � eld and serves as an external
excitation. This condition will be assumed for the rest of the paper.

For layer 2, the stress–strain relationof viscoelasticmaterials can
be describedeither throughcomplex moduli or relaxationfunctions.
When the system is under sinuoidal excitations of frequency!, the
stress and strain take the complex representations¾ 0

0e j!t and ²0
0e

j!t ,
respectively.Then the stress–strain relation is

¾ 0
0 D E0.!/² 0

0 (57)

where E0.!/ is a matrix of complex moduli. If the Poisson’s ratio º
is constant and the viscoelasticmaterial is isotropic,E0.!/ becomes

E0 D

2

6666664

E.!/=.1 º2/ E.!/º=.1 º2/ 0 0 0 0

E.!/º=.1 º2/ E.!/=.1 º2/ 0 0 0 0

0 0 0 0 0 0

0 0 0 G.!/ 0 0

0 0 0 0 G.!/=· 0

0 0 0 0 0 G.!/=·

3

7777775
(58)

where G.!/ is the complex modulus in shear and E.!/ D
2.1 C º/G.!/.

If the excitationsare not sinusoidal,the stress–strain relationmust
be represented in terms of a relaxation matrix and a convolution
integral as

¾ 0.t/ D R0.t/ ± ² 0.t/ ´
Z t

0

R0.t ¿ /² 0.¿ / d¿ (59)

where R.t/ is the relaxationmatrix and ± represents the convolution
integral.

H. Principle of Virtual Work
Finally, the principleof virtualwork is used to derive the equation

of motion.Let ±u be a virtualdisplacementand±² be thecorrespond-
ing virtual strain � eld. In addition, let b and T be the body forces
and surface tractions. The principle virtual work states that

Z

V

½±uT Ru dV C
Z

V

±uT b dV C
Z

S

±uT T dS D
Z

V

±²T ¾ dV

(60)

where ½ is the density and
Z

V

dV

is the volume integral over all three layers de� ned as
Z

V

dV D
Z .1/

V

dV .1/ C
Z .2/

V

dV .2/ C
Z .3/

V

dV .3/ (61)

Note that the differential volumes in Eq. (61) can be represented in
terms of the natural coordinates » , ´, and ³ through Eq. (31). Also
in Eq. (60),

Z

S

dS

is the surface integral on all external surfaces of the structure.
To demonstratethe inertiaandstiffnessmatrices,considera single

element � rst. Substitutionof Eqs. (26), (46), (54), (56), and (59) into
Eq. (60) results in

±uT
©
M Rd C

£
K.1/ C K.3/

¤
d C R.2/ ± d f

ª
D 0 (62)

In Eq. (62), M is the mass matrix de� ned as

M D
3X

j D 1

Z 1

1

Z 1

1

Z 1

1

½ j

£
N. j/

¤T
N. j / J . j/ d» d´ d³ . j/ (63)

K.1/ and K.3/ are stiffness matrices de� ned as

K. j / D
Z 1

1

Z 1

1

Z 1

1

£
B. j/

¤T
ÄT

²

£
E. j/

¤0
Ä²B. j/ J . j / d» d´ d³ . j /

j D 1; 3 (64)

R.2/ is a relaxation matrix de� ned as

R.2/ D
Z 1

1

Z 1

1

Z 1

1

£
B.2/

¤T
ÄT

² R0Ä² B.2/ J .2/ d» d´ d³ .2/ (65)

and f is nodal force vector de� ned as

f D
Z

V

NT b dV C
Z

S

NT t dS C p

C
X

j D 1;3

Z 1

1

Z 1

1

Z 1

1

£
B. j/

¤T
ÄT

²

©
¾

. j/
0

ª0
J . j / d» d´ d³ . j / (66)

where t is the distributedcomponent of the surface traction and p is
the concentrated load component of the surface traction. Note that
the electric � eld in ¾

. j/
0 is assumed to be constant and decoupled

from the strain � eld. Therefore,¾ . j/
0 does not depend on ±u, and the

principle of virtual work applies.
When more than one element is present, the nodal displacement

vectord needsto be augmentedto include thenodaldisplacementsof
all elements. Similarly, the mass matrix, stiffnessmatrix, relaxation
matrix, and nodal load vector f all need to be augmented. Finally,
boundaryconditions are imposed, and ±u needs to remain arbitrary.
This will result in an equation of motion that often takes the form

M Rd C
£
K.1/ C K.3/

¤
d C R.2/ ± d D f (67)

where all of the quantities are in the augmented form. When the
system is subjected to sinusoidal excitations f D f0e j!t and under-
goes sinusoidal response d D d0e j!t , equation of motion (67) can be
rewritten as

£
K.1/ C K.2/.!/ C K.3/ !2M

¤
d0 D f0 (68)

where

K.2/.!/ D j!F
©
R.2/

ª
D

Z 1

1

Z 1

1

Z 1

1

£
B.2/

¤T
ÄT

²

©
E.2/.!/

ª0

£ Ä² B.2/ J .2/ d» d´ d ³ .2/ (69)

In Eq. (69), Ff¢g is the Fourier transformand fE.2/.!/g0 is the matrix
of complex moduli given in Eq. (58).

III. Numerical Examples
A MATHEMATICA-based � nite element code, VDPCL, using

the describedformulationhas been developed.MATHEMATICA is
chosen as the language of VDPCL because it is easy to program, is
interactive, and has a powerful graphic interface. Nevertheless, the
program takes longer execution time and more memory.
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Veri� cation of the program and the formulation consists of four
parts: patch tests, eigenvalueanalysis,forced response,and locking.
Plate elements were used in the � rst three parts, and shell elements
were used in the last part. They are explained in detail as follows.

A. Patch Tests
Numerousstaticanddynamicpatchtestswere performedto check

the convergence and validity of the formulations. In these tests, the
structure is a rectangular plate, and all three layers consist of the
same elastic material. Therefore, the numerical results should con-
verge to those of isotropic rectangularplates, which are available in

Table 1 Eigenvalues obtained by VDPCL, NASTRAN, and analytical solutions

Natural frequency, Hz Loss factor

Analytical NASTRAN VDPCL Analytical NASTRAN VDPCL
Mode solution (10 £ 12) (5 £ 6) solution (10 £ 12) (5 £ 6)

1 60.3 57.4 56.9 0.190 0.176 0.180
2 115.4 113.2 111.9 0.203 0.188 0.190
3 130.6 129.3 127.5 0.199 0.188 0.187
4 178.7 179.3 174.9 0.181 0.153 0.164
5 195.7 196.0 193.1 0.174 0.153 0.158

a) !1 = 56.96 Hz d) !4 = 174.49 Hz

b) !2 = 111.81 Hz e) !5 = 192.18 Hz

c) !3 = 127.35 Hz f) !6 = 230.58 Hz

Fig. 5 First six mode shapes obtained from VDPCL.

many textbooks.Various tests have been performed for simply sup-
ported and clamped boundary conditions, as well as different num-
bers of elements. For static tests, de� ections of the plate subjected
to a concentrated load from analytical and numerical calculations
are compared.For dynamic tests, natural frequenciesof the plate are
compared. The results of the patch tests are satisfactory.The details
of the results and the tests may be found in Ref. 23.

B. Eigenvalue Analysis
The purposeof this test is to calculateeigenvalues,that is, natural

frequenciesand loss factors,of a damped rectangularsandwichplate
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throughuse of complexmoduli.The numerical resultsare compared
with those from NASTRAN and analytical solutions.

Johnsonand Kienholz5 analyzed rectangularsandwichplate with
simply supported boundary conditions using a NASTRAN model
with 10 £ 12 elements. They compared the NASTRAN results with
the existing closed-form solution when the damped plate is simply
supported. The NASTRAN results were based on the modal strain
energy method with constant values of viscoelastic shear modulus
and loss factor.

Dimensions and material properties of the damped sandwich
plate are as follows. A 30:48£ 34:80 cm (12:0 £ 13:69 in.) rect-
angular sandwich plate is analyzed with 2 £ 2, 3 £ 3, 4 £ 4, 5 £ 6,
and 6 £ 7 elements. The thickness of the upper and lower layers
are both 0.762 mm (0.030 in.), and the layers have the material
properties E1 D E3 D 6:89 £ 104 MPa (1 £ 107 psi), º D 0:30, and

Fig. 6 Mechanical impedance obtained by VDPCL and NASTRAN.

a) Mode 1 c) Mode 3

b) Mode 2 d) Mode 4

Fig. 7 Spurious mode control in dynamic analysis of a cylindrical roof.

½1 D ½3 D 2:74 g/cm3 (0.0988 lb/in.3). The viscoelastic layer is
0.254 mm (0.010 in.) thick, and its material properties are G2 D
0:896 MPa (130 psi), º D 0:49, ½2 D 0:999 g/cm3 (0.0361 lb/in.3 ),
and ´2 D 0:50.

Based on the preceding geometric data and material properties,
Table 1 compares eigenvalues (natural frequencies and loss fac-
tors) for the � rst � ve modes obtained from the analytical solu-
tion, NASTRAN, and VDPCL. The NASTRAN simulation uses
10 £ 12 elements,whereas the VDPCL uses 5 £ 6 elements.Table 1
shows that the VDPCL can achieve the same degree of accuracy as
NASTRAN with substantially fewer elements (30 vs 120). In ad-
dition, Fig. 5 shows the mode shapes obtained from VDPCL with
6 £ 7 elements. Numerous convergence tests have been conducted
for the eigenvalue analysis. The details of the test results may be
found in Ref. 23.

C. Forced Response
The purpose of this test is to calculate forced response of a rect-

angular damped plate and compare the results with those in the
existing literature. Lu et al.24 analyzed the mechanical impedance,
that is driving force divided by velocity, of a damped plate by us-
ing NASTRAN and compared the impedancewith analyticalresults
obtained by Rao and Nakra.25

The dimensions and material properties of the damped sand-
wich plate are as follows. An acrylic base viscoelastic material
(3M SJ2015X) is sandwiched between a steel base plate and a
steel constraining layer. The thicknesses of the base plate, vis-
coelastic layer, and the constraining layer are 12.7 (0.5), 0.1524
(0.006), and 3.175 mm (0.125 in.), respectively.The dimensions of
the plate are 0:3556£ 0:3556 m (14 £ 14 in.). The plate is simply
supported, and the driving point is the center of the damped plate.
In addition, the driving frequencies are 50, 200, 400, 600, 800, and
1000 Hz. Table 2 and Fig. 6 show the comparisonof the mechanical
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Table 2 Mechanical impedance obtained
by VDPCL and NASTRAN

Driving
frequency, NASTRAN, VDPCL,
Hz lb ¢ s/in. lb ¢ s/in.

50 750 819.74
200 175 207.09
400 55 67.94
600 20 3.72
800 80 58.53
1000 200 118.07

impedance obtained from NASTRAN2;24 and VDPCL. The results
from NASTRAN and VDPCL agree reasonablywell. Note that the
impedanceat 600 Hz is small indicatingthe presenceof a resonance.
In fact, an eigenvalue analysis of the damped plate shows that the
� rst natural frequency is 596 Hz.

D. Locking
When the three-dimensional degenerate shell elements were

introduced,19 the orderof numerical integrationwas 3 £ 3 for all en-
ergy terms including membrane, shear, and bending energies. This
is known as full integration, and the results are reasonable for thick
shells.

When the shell gets thinner, the full integrationimposes too many
constraints. As a result, the numerical results become too stiff and
show a very slow convergence rate. This phenomenon is call lock-
ing (either membrane or shear). To alleviate locking, reduced inte-
gration points (2 £ 2) are proposed,26 which is known as reduced
integration.The reduced integration,however, could make stiffness
matrix rank de� cient resulting in spurious modes (or zero energy
modes), which undergo large displacements without any change in
strain energy in the absenceof properdisplacementboundarycondi-
tions. Since then, a great deal of research effort has been devoted to
eliminating the spurious modes. Major approaches include combi-
nation of the shape functionsof eight-nodeand nine-nodeelements,
e.g., heterosis element27; nine-node assumed natural strain element
by Park and Stanley28; and projection methods by introducing ad-
ditional stabilizationmatrices into the element stiffness matrix, for
example, the ° projector method.29

Figure 7 shows dynamic response of a cylindrical roof with spu-
rious mode control using the projetion method. Implementation of
the spurious mode control to constrained layer shell elements re-
quires major efforts and perhaps novel approaches. Therefore, it is
not pursued in the present paper.

IV. Conclusions
1) An 18-nodedegenerateconstrainedlayer element is developed

for plate and shell structures.
2) For thin plate structures, numerical results show that the

isoparametric element can predict natural frequencies, loss factors,
and mechanical impedances that are as accurate as NASTRAN with
substantially fewer elements.

3) For thin shell structures, applications of the isoparametric
formulation are possible, if spurious modes control can be imple-
mented.
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